Introduction
In the context of the mathematical modeling of geometrically nonlinear beams the so called geometrically exact theories have attracted a great deal of attentions so far. In the geometrically exact beam theories no specific assumptions are made with regards to the displacement field of the beam and the finite rotations are utilized for the kinematical description of the beam deformations which make these kinds of beam theories, among other theories, the most versatile and the most loyal to the true nature of the beam problem. The pioneering work of Reissner (1973) on the statics of geometrically exact beams has been the source of many future extensions and generalizations of geometrically exact beam theories. Simo (1985) has extended the Reissner's model to the dynamic case. Cardona and Géradin (1988) have presented a dynamic finite element beam model considering large finite rotations and have used an updated Lagrangian approach for the numerical analysis. Iura and Atluri (1988) have used similar assumptions to those made by Reissner (1973) and Simo (1985) and have proposed a model for the dynamic analysis of space beams. Based on the generalized strain concept represented by Reissner (1973) , Hodges (1990) has presented a set of intrinsic equations of motion for moving initially curved and twisted beams. Many authors have developed more or less similar models for the dynamics of geometrically exact beams, e.g. see Simo and Vu-Quoc (1988, 1991) , Pai and Nayfeh (1994) , Petrov and Géradin (1998) , Ibrahimbegović and Mikdad (1998) , Jelenić and Crisfield (1999) , Romero and Armero (2002) , Mäkinen (2007) and many others. However a full bibliography in this context is out of the scope of the current work.
A vast majority of the numerical treatments of the geometrically exact beams has been devoted to the finite element methods (FEM) which are mostly based on the interpolation of finite rotations. The interpolation and parametrization of finite rotations generally involve important issues such as objectivity of the strain field, singularities and orthogonality of the finite rotations field which cause difficulties in various approaches that are used for the interpolation of finite rotations. In order to avoid the difficulties associated with the interpolation of finite rotations, the formulations with no rotational degrees of freedom have been emerged. For a more thorough review of various approaches with rotation free formulation the readers are referred to Khaneh Masjedi and Ovesy (2015) .
One approach that is free from rotational variables is to consider the intrinsic governing equations of motion. The intrinsic equations of motion are the linear and angular momentum balances and in general they are free from any displacement or rotational variables. The most attractive characteristic of intrinsic formulation is the low order of nonlinearity which is quadratic at most and as a result makes it desirable for numerical analysis. Hegemier and Nair (1977) have presented an intrinsic formulation for the dynamics of anisotropic pretwisted beams but they did not present any numerical results. Hodges (2003) has introduced a set of complete intrinsic equations for the dynamics of initially curved and twisted geometrically exact beams and has shown the advantages of fully intrinsic formulation for a beam under non-conservative transverse follower force. The latter approach which is based on a finite difference scheme has been later used by Chang and Hodges (2009a) and Chang and Hodges (2009b) for the free vibration and stability analysis of curved beams. Khouli et al. (2009) and Ghorashi and Nitzsche (2009) also have used finite difference schemes for the spatial discretization of the intrinsic formulation presented by Hodges (2003) for the dynamic analysis of helicopter rotor blades. Patil and Althoff (2011) have proposed a Galerkin's method in which the Legendre polynomials are used as trial functions for the dynamic and free vibration analysis of fully intrinsic beam formulation. This approach has been extended further through the implementation of a variable order finite element by Patil and Hodges (2011) .
Collocation methods exhibit superior computational efficiency and accuracy compared to Galerkin's and finite element methods. Schillinger et al. (2013) have shown that the collocation method significantly reduces the computational cost in comparison to Galerkin's and finite element methods and also can be orders of magnitude faster than these methods to achieve a specified level of accuracy. Khaneh Masjedi and Ovesy (2015) have introduced the Chebyshev collocation method to the static analysis of geometrically exact beams with intrinsic formulation and have shown that this scheme while computationally efficient exhibits comparable accuracy as distinct from other numerical schemes such as finite element method.
The main objectives of the current work have been to extend the approach presented by Khaneh Masjedi and Ovesy (2015) for the first time to the free vibration analysis of geometrically exact beams with intrinsic formulation and to show the accuracy and applicability of this scheme for the proper treatment of eigenvalue analysis of geometrically exact beams with fully intrinsic formulation. Additionally the free vibration problem for various boundary conditions in the context of geometrically exact beams with intrinsic formulation is considered which is addressed very rarely in the literature. It will be shown in this paper that the proposed method of analysis is applicable to real life engineering problems with nonuniform distribution of properties and spatial initial twist and curvature as well as classical benchmark problems.
The application of this method can be further extended to more complex cases, which require several beam assemblage, by adopting hybrid approaches; for instance, with Strong Formulation Finite Element Method (Tornabene et al. (2015) ).
The content of the current paper is outlined as follows. In Section 2 a description of the intrinsic equations of motion of a geometrically exact beam is given. These equations will be linearized about a steady state position using perturbation method. It should be noted that for the current work in order to be self-sufficient some parts in theoretical developments are borrowed from Khaneh Masjedi and Ovesy (2015) . In Section 3 the Chebyshev collocation method is introduced into the linearized intrinsic formulation of the beam and a general eigenvalue problem is constructed. In Section 4 illustrating examples are presented based on the proposed approach and the obtained results are compared to the analytical as well as other numerical results. It is shown that the current approach while computationally efficient and easy to implement, exhibits comparable accuracy to the other numerical schemes such as Galerkin's or finite element method. Finally in Section 5 some concluding remarks are drawn.
Geometrically Exact Beam Governing Equations

Beam Kinematics
The geometry of an initially curved and twisted beam is depicted for the deformed and undeformed configurations in Fig. 1 . The base vectors I 1 , I 2 and I 3 are considered as the inertial reference frame; since all motions are measured and described relative to this frame, the base vectors e 1 , e 2 and e 3 are attached to the reference line in the undeformed state such that e 1 is always tangent to the beam reference line (Beam longitudinal axis). At each position on the reference line the base vectors e 2 and e 3 comprise the cross-sectional plane of the beam. The base vectors e1 , e2 and e3 which constitute an orthonormal set are expressed in the deformed state of the beam and are considered as the deformed frame. The base vectors e2 , e3 could be considered as the rotated and translated base vectors e 2 and e 3 related to the cross-sectional plane in the undeformed state and they are in the plane of the cross-section in the deformed state. It is assumed that the cross-section of the beam can undergo shear deformations so generally speaking the base vector e1 is not necessarily tangent to the longitudinal axis of the deformed beam.
The 1D generalized strain measures for an initially curved and twisted beam can be expressed as (Khaneh Masjedi and Ovesy (2015) ):
in which; Λ is a linear transformation that relates the orthonormal base vectors e i and I i and is only function of the beam reference line (i.e. x 1 ). The vectors k and K are the curvature vectors of the beam in the undeformed and deformed state of the beam. In the matrix form we have; k " rk 1 , k 2 , k 3 s T and
When k is expressed in the undeformed frame (i.e. e i ) and K is expressed in the deformed frame (i.e. ei ), k 1 is regarded as the initial twist and k 2 and k 3 are regarded as the initial curvatures of the beam and K 1 is the twist and K 2 and K 3 are the curvatures of the beam in the deformed state, R 0,1 " BR 0 {Bx 1 and r 0,1 " Br 0 {Bx 1 . r 0 and R 0 are the position vectors of the beam reference line in the undeformed and deformed configurations respectively and we have; R 0 " r 0`u0 , where u 0 is the displacement vector of the beam reference line. It should be noted that the dot operator is used throughout the paper for product between any two vectors and/or matrices.
The above strain measures are called force and moment strain (Reissner (1973) ; Hodges (1990) ) since they are conjugate to the cross-sectional forces and moments. These generalized strain measures can be expressed in the matrix form as; γ " rγ 11 , 2γ 12 , 2γ 13 s T and κ " rκ 1 , κ 2 , κ 3 s T . Based on the Frenet-Serret formula the derivative of the base vectors e i and ei with respect to the beam reference line (i.e. x 1 ) can be obtained as: Similarly one can write for the derivative of the base vectors ei with respect to time as follows;
In which Ω is considered as the angular velocity vector of the deformed base vectors ei . It should be noted that (˜) is the cross-product operator.
Extended Hamilton's Principle
Using the extended Hamilton's principle the intrinsic equations of motion can be derived. The extended Hamilton's principle is expressed as:
where δU is the virtual internal work or strain energy, δT is the virtual kinetic energy and δW ext is the virtual work of external applied loads, per unit length of the beam.
The virtual strain energy per unit length of the beam can be expressed as (Khaneh Masjedi and Ovesy (2015)):
in which F and M are internal force and moment and are defined as:
where F " Λ.f , M " Λ.m, δΓ " Λ.δγ and δK " Λ.δκ. Herein Λ acts as a push-forward operator and as a result if f , m, δγ and δκ are expressed in the undeformed frame, F, M, δΓ and δK are expressed in the deformed frame. The virtual strain energy of the beam can be expressed as (Khaneh Masjedi and Ovesy (2015)):
The virtual kinetic energy per unit length of the beam can be expressed as:
in which L and P are linear and angular momentum and are defined as:
In Eq. (2.10) δV˚and δΩ˚are conjugate variation of linear and angular velocities to linear and angular momentum respectively and we have; δV˚" Λ.δv, δΩ˚" Λ.δω, L " Λ.l and P " Λ.p.
One can write:
From Eqs.(2.10), (2.12) and (2.13) the kinetic energy of the beam is expressed as:
(2.14)
Introducing Eqs. (2.15) and (2.16) into Eq. (2.14) will lead to:
(2.17)
The virtual work of the external applied forces i.e. f and applied moments i.e. m are given by;
From Eqs. (2.6) (2.9), (2.17) and (2.18), the intrinsic equations of motion of a spatial beam are derived as follows;
where V " 9 R 0 . It is noted that the equations of motion presented in Eq.(2.19) are identical to those of Hodges (1990 Hodges ( , 2003 .
In order to close the formulation a set of kinematical relations are required. These kinematical relations are presented by Hodges (2003) and are expressed as:
It is noted that R 0,1 and κ are given by Khaneh Masjedi and Ovesy (2015) as:
where α " 2, 3 and i " 1, 2, 3.
Introducing the linear constitutive equation and the generalized momentum-velocity relations;
-
-(2.23) one can eliminate γ, κ, L and P and only F, M, V and Ω will remain as unknowns.
In Eq. (2.22) R, S and T are the matrices of cross-sectional flexibility and in Eq. (2.23) µ is mass per unit length of the beam, ∆ is the identity matrix,x is the offset from the reference line of the cross-sectional mass centroid andx " r0,x 2 ,x 3 s T and I is the beam cross-section mass moment of inertia per unit length of the beam. Since the presented method is not limited by constitutive equations, beams made of anisotropic materials with arbitrary cross-sectional shapes can be also modelled and analysed using this method. In order to obtain the stiffness matrix of composite beams with arbitrary complex cross-sections a number of finite element based discretization tools have been developed, e.g. see Morandini et al. (2010) , Yu et al. (2012) and Genoese et al. (2014) in which Saint-Venant effect (including in-plane and out-of-plane sectional warping deformation) are incorporated. The stiffness matrix obtained from any of such tools can be directly used as the constitutive equation in current beam model. It is also possible to further extend governing equations (2.19) to incorporate the end effect associated with the torsional deformation well-known as Vlasov effect, e.g. see Khouli et al. (2010) for the static case. However it is required to obtain appropriate crosssectional stiffness matrix in which Vlasov effect is included such as works by Yu et al. (2005) , Kim et al. (2008) and Kim and Kim (2013) . For the case of an isotropic beam in which the beam reference line coincides with the locus of both cross-sectional shear and area centroids, the constitutive equations (Eq. 2.22) are expressed as:
where, E is the elastic modulus, G is the shear modulus defined as G " E{2p1`νq where ν is the Poisson's ratio, A is the cross-sectional area, A 2 " c 2 A and A 3 " c 3 A in which c 2 and c 3 are the shear correction factors, I 2 and I 3 are the cross-sectional moments of inertia and J is the polar moment of inertia. It is noted that the analytical formulations for c 2 and c 3 for rectangular cross-sections that is used throughout this work is taken from Hodges (2006) , as follows;
anh`mπ`a b˘m 5¸ff´1 (2.25a)
anh´nπ`a b˘´1n Table ( A.14).
Linearization
In order to cast the governing equations into an eigenvalue problem, a linearization about the steady state solution is performed at first. For this purpose the unknown variables are expressed as: and (2.20) will lead to the following equations:
where, e 1 " r1 0 0s T .
Eigenvalue Problem
For obtaining the eigenvalue problem, external forces and moments i.e. f and m are eliminated and unknown variables in Eq. (2.27) are discretized as:
Based on the discretization given in Eq. (2.28) the free vibration equations can be written as:
in which q " rq F q M q V q Ω s T and A and B are given as: The entries of A and B are given in AppendixB.
Chebyshev Collocation Discretization
For the purpose of numerical discretization of the eigenvalue problem presented the Chebeyshev collocation method is utilized. In order to discretize the eigenvalue problem represented in Eq.(2.29) Chebyshev polynomials (See AppendixC) are adopted as the spatial trial functions and Chebyshev points are employed as the collocation points. Chebyshev points are the roots of the Chebyshev polynomials of the first kind and in the interval´1 ď x ď`1 are:
in which N is the highest degree of the Chebyshev polynomials used as the trial functions. For an arbitrary interval a ď x ď b the transformed Chebyshev points are:
Utilizing the Chebyshev polynomials as the trial functions in Eq. (2.29) and Eq. (2.30) , we have:
where
Setting the residuals of Eq. (2.29) at N Chebyshev points equal to zero in conjunction with 12 boundary conditions, constitute 12pN`1q equations, which can be expressed as:
in which A and B are 12pN`1qˆ12pN`1q coefficient matrices with real numeric entries and X is the generalizied coordinates vector. A and B matrices have unsymmetrical structures and they are relatively sparse. If one assumes a harmonic solution; X " Xe λt , the generalized form of the eigenvalue problem is derived as:
where λ is the eigenvalue or the natural frequency of the problem.
Numerical Results
In order to show the applicability, validity and accuracy of the proposed collocation scheme, illustrative examples are presented in this section and the obtained results are compared to the analytical, experimental as well as other numerical schemes.
Numerical Results for Straight Beams
Comparison to Galerkin's and FEM Methods. Table(1) . In order to show the convergence of the Chebyshev collocation method the first few natural frequencies of the cantilever beam are presented in Table( 2) in which N is the highest degree of Chebyshev polynomials used in the analysis. 
Shear/Extensional Rigidity 8
As it is seen a fast rate of convergence is observed at fairly low degree of polynomials.
In Table( and L " 5ˆc has been considered. The beam properties used in the analysis are as follows;
E " 1.0ˆ10 7 lb in 2 , ν " 0.3, ρ " 0.098 lb in 3 , c " 3.4 in, t " c 4 where c and t are the beam cross-sectional chord and thickness. Tables (4) and (5) show the first torsion frequency and the third flapwise frequency, respectively. As it is seen the results based on the current approach are in a very good agreement with 3D as well as 1D finite elements. Table ( 6) shows the 1st flapwise and 1st chordwise natural frequencies based on the current approach and the experimental results of Dowell and Traybar (1975) . It is seen a very good agreement between experimental and numerical results. It is noted that the experimental results given in Table ( 6) are averaged of a series of test values represented by Dowell and Traybar (1975) .
Results for Various Boundary Conditions. Free vibration of beams with various boundary conditions common in the engineering and science problems introduced in Section 2.2 (see Table ( A.14)) are considered herein. The beam properties used here are those from Table (1). Tables (7) through (10) show the obtained 10 first natural frequencies using present approach and they are compared to the exact analytical results (Meirovitch (1997) ). A very good correlation is observed for all boundary conditions. Large Deflected Cantilever. The nonlinear free vibration behavior of a cantilever beam deflected under a follower end load is considered. This problem has been introduced by Patil et al. (1999) and also considered by Patil and Althoff (2011) . Under the action of the tip load the beam will undergo large deflections. The large deflected position is considered as the steady state position of the beam and the natural frequencies are obtained for various levels of the tip load. It is noted that the calculations of the steady state (here static) position of a cantilever beam under static loads using Chebyshev collocation method are thoroughly considered in Khaneh Masjedi and Ovesy (2015) . Large deflections of the beam cause a coupling between chordwise bending and torsion modes. Fig. (3) depicts the first few natural frequencies of the large deflected 
Yeo et al. (2014) 
Yeo et al. (2014) beam. The beam properties used in the analysis are given in Table( 
Numerical Results for Pre-Twisted Beams
Comparison to Experimental Results. Coupled flap/chord-wise bending vibration of a pretwisted Timoshenko beam with a total twist of 45˝has been experimentally considered by Carnegie (1959) . The problem is devised in such a way to decouple torsional vibration from flap/chord-wise bending vibration by choosing a very high magnitude of torsional stiffness (i.e. GJ " 8). The properties of this pretwisted cantilever is listed as follows;
L " 0.1524m, EI 2 " 2.26N.m 2 , EI 3 " 487.9N.m 2 , GA 2 " GA 3 " 3.076ˆ10 6 , µ " 0.3447kg{m. Table ( 11) depicts a comparison of current approach with experimental results of Carnegie (1959) for the first four natural coupled bending frequencies. A it is observed, there is a very good agreement between two sets of results.
Non-Rotating Blade. A twisted cantilever blade sample, introduced by Rosen et al. (1987) is considered.
The blade has a zero twist at root and 40˝twist at tip, other properties are as follows;
A comparison of Euler-Bernoulli theory and Timoshenko theory is carried out in Table (12) and also compared to the numerical results of Banerjee (2004) which are obtained by the method of exact dynamic stiffness matrix. The results based on the two numerical sets are in a very good concordance. For the present case a very slight difference is seen between Timoshenko and Euler-Bernoulli theories and as expected Timoshenko theory has predicted the natural frequencies slightly lower compared to the Euler-Bernoulli theory.
This negligible difference between two theories is attributed to the fact that the cross-sectional dimensions of this particular beam is considerably lower compared to the beam span which makes this sample blade extremely slender and as a result the shear deformation does not have a significant impact on the natural frequencies.
The Effects of Pretwist Angle and Shear Deformation. In order to show the effects of the overall twist and shear deformations on the natural frequencies of pretwisted beams, the following example is introduced. A cantilever beam with zero twist at root and a range of tip twist from zero to 180˝is considered. The natural frequencies are obtained based on either Timoshenko or Euler-Bernoulli theories. The properties used for this example are as follows; 
Current results which are obtained using Chebyshev polynomials of maximum degree of 14 are compared in Table ( 
Conclusions
A Chebyshev collocation method for the eigenvalue analysis of the fully intrinsic equations of geometrically exact beams has been presented. The intrinsic formulation which is free from any rotational or displacement variables is desirable for numerical analysis due to its low order of nonlinearity which is quadratic at most. The Chebyshev collocation method which is based on the Chebyshev points as the collocation 4) The beam model is not restricted by constitutive equations and it is applicable to beam-like structures made from either isotropic or anisotropic materials with arbitrary cross-sectional shapes.
5) It is suitable for applications with non-uniform distribution of properties.
6) It can be further extended for hybrid schemes such as Strong Formulation Finite Element Method for more complex situations which require several beam assemblage.
Based on the above characteristics, current model can be directly applied in many real life engineering problems including aircraft wings, helicopter rotor blades, wind turbine rotor blades, space booms, moored and towed cables, etc. Additionally, the potential of current model in adopting hybrid numerical schemes such as Strong Formulation Finite Element Method makes it suitable for tackling more complicated problems in which several beam assemblage are required.
AppendixA. Boundary Conditions
Various boundary conditions associated with the free vibration of a non-rotating beam are depicted in Table( A.14). 
Simply Supported-Simply Supported (S-S)
Simply Supported-Clamped (S-C)
AppendixB. Entries of A and B Matrices
A 11 " φ F,1`r K 0 . 
AppendixC. Chebyshev Polynomials
The Chebyshev polynomials are a sequence of orthogonal polynomials. The Chebyshev polynomial T n pxq of the first kind is a polynomial in x of degree n and is defined as (Mason and Handscomb (2003) ):
T n pxq " cospnθq when x " cos θ,´1 ď x ď`1 (C.1)
Combining the trigonometric identity; cospnθq`cosppn´2qθq " 2 cos θ cospn´1qθ (C.2) with Eq.(C.1), the recurrence relation can be obtained as:
T n pxq " 2xT n´1 pxq´T n´2 pxq, n " 2, 3, . . . , Using the weight function w "`1´x 2˘´1 2 one can find that the Chebyshev polynomials of the first kind satisfy the orthogonality condition:
It is noted that for any arbitrary range a ď x ď b the Chebyshev polynomials can be shifted by replacing the independent variable x in Eq.(C.4) by:
x " 2 b´a x´b`a b´a (C.6)
